In this paper, the authors derive discrete Bernoulli's formula of the form,
Introduction
The theory and some applications of the generalized difference operator Δ defined as Δ u(k) = u(k + ) − u(k), k ∈ [0, ∞) and ∈ (0, ∞) had been developed in [2] . The generalized versions of Leibnitz, Binomial, Montmorte's Theorems, Newton's formula along with formulae for the sums and partial sums of the n th powers of an arithmetic progression, the sums and partial sums of the products of n consecutive terms of an arithmetic progression and the sums and partial sums of an arithmetic-geometric progression using the generalized difference operators of the first, second and n th kinds and their inverses were obtained in ( [2] , [7] , [8] , [9] ).
Generalized Bernoulli polynomials B n (k, ± ) with applications using Δ ± and its inverses ( [4, 5] ), qualitative and rotatory properties of certain class of generalized difference equations ( [3, 6] ) are some of the applications of difference equations involving Δ .
In this paper, we derive the discrete version of the Bernoulli's formula and some applications in number theory which are not obtained earlier. All the results are illustrated with suitable examples.
Preliminaries
Before stating and proving our results, we present some notations, basic definitions and preliminary results which will be used in the subsequent dis-
, and so on.
Definition 2.1 [2] For a real valued function u(k)
, the generalized difference operator Δ and its inverse are respectively defined as
Definition 2.2 [11] For k, n ∈ (0, ∞), the -factorial function is defined by
where Γ is the Euler gamma function and k
Remark 2.3 When n ∈ N(1), (3) and its Δ -difference become
Lemma 2.5 [2] For n ∈ N(0),
and for n ∈ N(2),
In particular, when
Lemma 2.6 Let n ∈ N(0) and r ∈ N(3). Then,
Proof. The proof follows by taking = 1, (5) and (6).
Proof. Taking Δ −1 on (5), and applying (5) for Δ −1 u(k − r ), we get
From the notation given this section and ordering the terms u(k − r ), we find
Again, taking Δ −1 on (11), by (5) for Δ −1 u(k − r ), we arrive
1! + (r − 3)
which yields by (9),
Now, (10) will be obtained by continuing this process and using (9) .
Proof. From (5), and expressing its terms in reverse order, we find
which is same as
Now, (13) 
Lemma 2.10 Let u(k) and v(k) be two real valued functions. Then
Proof. From (1), we find
Applying (4) in (17), we obtain
The proof follows from the relation v(k) = Δ w(k) and (18).
Main Results and Applications
In this section, we present the discrte version of Bernoulli's Formula and develop relative results of it in number theory.
Applying the equation (16) again and again in (20) we get proof.
Theorem 3.2
Let m ∈ N(1) and t be any integer. Then,
where
Proof. From (16), we find
Applying (10) in (22), we get
Again operating Δ −1 on both sides and applying (10), we obtain
By continuing this process, we get the proof.
Proof. The proof follows by taking m = 2 and t = 1 in (21).
Example 3.4 Putting n = 3 in (23), we obtain
.
In 
2 (4.4) = 2596232.003.
Corollary 3.5 If a = 1, then
here
Proof. The proof follows by taking m = 2 and t = −1 in (21).

Example 3.6 Taking n = 2 in (25), we get
where F
In particular, when k = 28.9, = 10.9, a = 2 and j = 7. 
2 (28.9)−F
2 (18) = −0.19666586.
Corollary 3.7 Let p, q ∈ N(1), q ≥ p + 2 and k
Proof. The value of F 1 (k) can be obtained by substituting u(k) = (k + s ) (16) and using (6), (7) . The proof follows by (10) . (27), and by (6) , (7),(16), we get
Theorem 3.9 If
Proof. Closed form expression of F 1 (k) and hence F 2 (k) can be obtained by (16) and using (6) and (7). The proof follows from (10).
Example 3.10 In (29)
, by taking p = 3 and q = 6, we have
+ 1
10(j − )
In particular, when k = 9, = 2, s = 2 and j = 1 in (30), we obtain
Proof. The proof follows by (13) and the closed form expression of F 1 (k) can be obtained from (16).
Example 3.12 Substituting p = 2 and q = 4 in (31), we obtain
(k + (r − 1) )
In particular, when k = 11, = 2, s = 3 in (32), we get
Proof. The proof follows by (13) and the closed form expression of F 1 (k) and hence F 2 (k) can be obtained by taking (16) and using (6) and (7). Example 3.14 Put p = 3 and q = 6 in (33), we get
5(j − )
20(j − )
In particular, when k = 5, = 2, s = 2 and j = 1 in (34), we get 
Proof. From (15), we have
a k ] will be obtained from (22), by taking n = r and t = 1. The proof follows from (10) . The following corollary illustrates Theorem 3.15, when n = 3. 
Corollary 3.16 Let
k ∈ [ , ∞), ∈ (0, ∞) and a = 1. Then, [k/ ] r=1 (k − r ) 3 a k−r = F 3 1 (k) − F 3 1 (j),(37)F 3 1 (k) = a k (a − 1) k (3) + 3 k (2) + 2 k (1) − a k+ (a − 1) 2 3 + 3 k (2) + 6 2 k (1) + 6 2 a k+2 (a − 1) 3 + k (1) − 6 3 a k+3 (a − 1) 4 .(38)
Theorem 3.18 Let
Proof. The proof follows from (4), (10) and (37).
The following corollary illustrates Theorem 3.18, when n = 3. Proof. The proof follows from (10) and (42).
Corollary 3.25
If k ∈ [2 , ∞) and a = 1, then 
